The saturated hydraulic conductivity of soil, K s , is a critical parameter in hydrological models that remains notoriously difficult to predict. In this study, we test the capability of a model based on percolation theory and critical path analysis to estimate K s measured on 95 undisturbed soil cores collected from contrasting soil types. One parameter (the pore geometry factor) was derived by model fitting, while the remaining two parameters (the critical pore diameter, d c , and the effective porosity) were derived from X-ray computed tomography measurements. The model gave a highly significant fit to the K s measurements (p < 0.0001) although only~47% of the variation was explained and the fitted pore geometry factor was approximately 1 to 2 orders of magnitude larger than various theoretical values obtained for idealized porous media and pore network models. Apart from assumptions in the model that might not hold in reality, this could also be attributed to experimental error induced by, for example, air entrapment and changes in the soil pore structure occurring during sample presaturation and the measurement of K s . Variation in the critical pore diameter, d c , was the dominant source of variation in K s , which suggests that d c is a suitable length scale for predicting soil permeability. Thus, from the point of view of pedotransfer functions, it could be worthwhile to direct future research toward exploring the correlations of d c with basic soil properties and site attributes.
Introduction
The saturated hydraulic conductivity of soil, K s , is a key parameter determining the water balance of the land surface. Soil hydraulic conductivity can be measured on small cylinder samples in the laboratory (Klute & Dirksen, 1986) or with a variety of different infiltrometer techniques in the field (Angulo-Jaramillo et al., 2000) . These methods are labor-and time-consuming and so they are not practical to apply in larger scale studies, for example, to support catchment-, regional-, and global-scale hydrological modeling. Since the 1990s, statistical techniques such as multivariate regression or machine learning techniques have therefore been employed to derive so-called pedotransfer functions that enable estimation of soil hydraulic properties from more easily available proxy variables (Bouma, 1989; Schaap et al., 2001; Wösten et al., 2001) . A reasonably strong correlation is often found between soil water retention and the particle size distribution (Vereecken et al., 2010) . In contrast, existing pedotransfer approaches for saturated hydraulic conductivity perform less well (e.g., Jarvis et al., 2013; Jorda et al., 2015; Vereecken et al., 2010) . This is because K s is largely governed by the properties of structural pores, which are only poorly correlated with the solid-phase properties (e.g., texture and organic carbon content) commonly used as predictors. In a modeling context, the use of inaccurate estimates of K s may propagate into significant errors in predictions of water balance components such as runoff, infiltration, water storage, and evaporation (e.g., Chirico et al., 2010; Davis et al., 1999) .
The application of noninvasive X-ray tomography (Helliwell et al., 2013) may help to improve our understanding of how K s is controlled by the geometry and topology of structural pore networks. Some local-scale studies have found significant statistical relationships between various X-ray imaged metrics of the pore space and K s measured on the same samples (e.g., Kim et al., 2010; Luo et al., 2010; Udawatta et al., 2008) . However, physics-based models of K s should allow deeper insight into how the properties of soil pore networks control K s and, arguably, more reliable extrapolation beyond the constraints of the supporting data. Many models have been proposed to predict K s from characteristics of the soil pore space (Assouline & Or, 2013) . Most KOESTEL ET AL. 1
Water Resources Research

RESEARCH ARTICLE
10.1029/2018WR023609
Key Points:
• Reliable methods to predict permeability of naturally structured soils are currently lacking • A percolation-based method applied to X-ray scanning data explained 47% of the variation in the measured permeability of 95 soil samples • Variation in permeability was controlled by the critical pore diameter: the estimated effective porosity did not contribute significantly
Supporting Information:
• Supporting Information S1
• Data Set S1 approaches derive from the Kozeny-Carman model first developed nearly 100 years ago, which assumes that flow rates are controlled by a single effective pore. As such, in its original form it can successfully describe K s for porous media characterized by a relatively well-connected pore space and uniform-sized pores. However, it will fail in natural soils characterized by a wide distribution of pore sizes, since water flow at saturation is dominated by a few large, continuous, pores (Childs, 1969) .
The Kozeny-Carman equation has been generalized in an attempt to explicitly account for the effects of soil pore size distribution using the soil water retention function as a proxy and making use of the Young-Laplace equation to relate pore size to soil water tension. These capillary bundle models are widely used to estimate unsaturated hydraulic conductivity from an independently measured K s value and knowledge of the water retention characteristic (Assouline & Or, 2013) . Although it is less often done, they can also be used to estimate K s (e.g., Jarvis, 2008; Laliberte et al., 1968; Mishra & Parker, 1990; Nasta et al., 2013) . The few studies that have tested capillary bundle models against measured data show that K s is strongly overestimated for most, but not necessarily all, soils for physically realistic values of the pore tortuosity factor (e.g., Hoffmann-Riem et al., 1999; Jarvis, 2008; Nasta et al., 2013) . This is probably because the conceptual basis of capillary bundle models (i.e., noninteracting parallel or series-parallel pores) cannot properly account for the significant effects of pore connectivity on K s (Hunt et al., 2013) .
In contrast with generalized Kozeny-Carman type models, approaches based on critical path analysis (CPA) and percolation theory may prove to be better suited to predict K s in naturally structured soils. Percolation-based models of conducting porous media envisage that flow takes place through a percolating network of pores consisting of multiple connected pathways (Hunt et al., 2014) . CPA is based on the premise that flow through a pore network characterized by a very wide range of conductances is limited by the smallest (i.e., bottleneck) pore thickness on the path of least resistance through the sample. Percolation and CPA-based approaches have been successfully applied to predict the permeability of rocks and artificial porous materials such as ceramics and concrete (Arns et al., 2005; Ghanbarian et al., 2016; Katz & Thompson, 1986; Nishiyama & Yokoyama, 2014 Nokken & Hooton, 2008 ), but they have not yet been critically tested on soils. A 
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Water Resources Research recent study by Ghanbarian et al. (2017) compared K s estimates derived from a fractal CPA model with average measured values for U.S. Department of Agriculture soil texture classes, but this model was not tested against data for individual soil samples. Furthermore, the model parameters were estimated indirectly. In particular, the percolation threshold was equated with the residual water content determined from water retention curves, a procedure which may provide values of the right order of magnitude, but which lacks physical justification. Here we tested the capability of a percolation/CPA-based model to predict K s of 95 soil cores collected in Norway from a wide range of contrasting soil types under differing land uses (arable land and grassland) with the model parameters derived directly from high-resolution X-ray scanning.
Materials and Method
Theory
Using concepts from percolation theory and CPA, Katz and Thompson (1986) derived an expression for the saturated hydraulic conductivity of a percolating porous medium characterized by a very wide distribution of local hydraulic conductances:
where g is the acceleration due to gravity (L/T 2 ); η (M · L À1 · T À1 ) and ρ (M/L 3 ) are the dynamic viscosity and density of water; d c is the critical pore diameter (L), defined as the smallest pore neck encountered along the path of least resistance through the sample; σ r (À) is the reciprocal of the electrical conductivity formation factor (i.e., the bulk soil electrical conductivity divided by the conductivity of the saturating fluid); and G (À) is a geometry factor, the value of which varies depending on assumptions concerning pore shape (i.e., cylinders or slits) and aspect ratio (i.e., the relationship between pore length and diameter) as well as the width of the conductance distribution (Skaggs, 2011) . From theoretical considerations, values for G as small as 27 (for slits of equal length and variable diameter) and as large as 85, 130, or 226 (for cylinders of equal length and diameter) have been suggested (e.g., Banavar & Johnson, 1987; Katz & Thompson, 1986; Le Doussal, 1989; Skaggs, 2003 Skaggs, , 2011 .
The relative electrical conductivity term in equation (1) represents an effective (conducting) porosity in soil, ϕ eff , accounting for the connectivity of the pore space. In the absence of direct measurements of electrical conductivity, Katz and Thompson (1987) showed that ϕ eff could be defined as
where ϕ p is the accessible percolating porosity with thicknesses larger than d opt , a value corresponding to the optimal path for electrical conductance. Katz and Thompson (1987) also proposed a method to estimate d opt for individual samples from the accessible pore size distribution obtained from mercury intrusion experiments. In our study, we adopted a simpler approach to estimate d opt based on the assumption that for wide distributions of pore thickness, d opt can be estimated from [1 À (t/(1 + t))]d c where t is a critical exponent from percolation theory, which equals 2 in three dimensions (Ghanbarian et al., 2017; Katz & Thompson, 1987; Stauffer & Aharony, 1994) . Thus, in this study, ϕ eff is given by one third of ϕ p , where ϕ p is the accessible and percolating porosity corresponding to pores thicker than d c /3.
Sampling and Experimental Measurements
Aluminum cylinders (6.5 cm in inner diameter and 6 cm in height) were used to collect all the samples used in this study. Forty-three samples were from the Skuterud catchment situated approximately 30 km south of Oslo and 2.5 km east of Ås (Table 1 and Figure 1) . These cores were collected as part of an ongoing field experiment from two soil pits spaced 5 m apart, at soil depths from 10 to 90 cm. A further 46 undisturbed Voxels with X-ray attenuation values larger than that of aluminum (grayscale values larger than 20,000) are depicted in a lighter gray. The remaining grayscale values predominantly correspond to the soil matrix (e.g., solid matter and water-filled pores smaller than image resolution).
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Water Resources Research soil cores were sampled at 15 additional sites across Norway from topsoil and subsoil horizons (Table 1 and Figure 1) . To complement and contrast with the data from these structured and mostly fine-textured soils, we also included data for six cores that were sampled from a vermi-compost experiment carried out in Ås, Norway, in which a sandy soil originating from Nyírség in Hungary was mixed with different organic amendments (at 2% by weight).
The cores were stored in a cold room at 3°C. We then equilibrated them at a pressure head of À100 cm on a sand table for approximately 1 week to ensure that all pores quantifiable by X-ray tomography would be air-filled. They were then scanned using a GE v|tome|x 240 X-ray scanner with a tungsten target and a 16″ flat panel detector. We applied tube voltages between 150 and 170 kV and electron fluxes between 300 and 600 μA, depending on the density of the soil column. We did not apply an optical filter to the X-ray beam. The image resolution was 0.04 mm in all directions for all columns, which corresponds to a feature resolution of approximately 0.08 mm. After X-ray scanning, the saturated hydraulic conductivity of each core was measured using a constant head method in the laboratory after slowly saturating the samples from the base during a two-week period. The smallest K s value that can be measured by this method, in practice, is approximately 0.05 mm/hr (=~1.4 × 10 À8 m/s).
We processed the X-ray images using SoilJ (Koestel, 2018) , a plugin for the free software ImageJ/FIJI (Schindelin et al., 2012) that allows for a semiautomatized image processing and analyses of 3-D images of cylindrical soil columns. In the first processing steps, the soil column outlines were automatically detected and the column was moved into the center of the image canvas. Unused canvas was cut away as well as image slides depicting the air and the Styrofoam above and below the soil column, respectively. Next, we calibrated the gray scale of all 95 16-bit images to values of 5,000 for air and 20,000 for aluminum. The calibration was carried out layer-by-layer where the 0.1 percentile of the grayscale value sampled inside the soil column was employed as the reference value for air, while the value for the column wall was used as the reference for aluminum. Subsequently, we calculated the joint histogram for all 95 calibrated 3-D images (see Figure 2 ) and a joint-threshold grayscale value of 10,171 was determined by the minimum method (Tsai, 1995) . As was also done by Hellner et al. (2018) , we applied this threshold value to all gray-scalecalibrated images to obtain binary images depicting the X-ray resolvable pores. Beckers et al. (2014) found that a similar global segmentation method performed as well as local approaches that are more demanding in terms of time and computational resources. Figures 3a-3c depict three example images of samples showing contrasting pore space structure.
We identified individual percolating pore clusters in the binary images using the parallelized Particle Analyzer algorithm published under the BoneJ plugin (Doube et al., 2010) . The critical pore diameter d c , which can be defined as the diameter of the largest sphere that passes through the pore network (e.g., Arns et al., 2005) , was then calculated in SoilJ. Local pore diameters of the percolating pore space were determined using the maximal inscribed ball method implemented in ImageJ (Local Thickness). The effective porosity ϕ eff was then calculated using equation (2) from d c and the percolating and accessible pore space (i.e., connected from top to bottom of the core only by pore space of thickness larger than d c /3; see Figure 4 ; Katz & Thompson, 1987) . It should be noted that the image resolution (0.04 mm) has some influence on the results. For example, one of the 95 samples had no visible percolating porosity. For plotting purposes only, the critical pore diameter for this sample was set to the image resolution and the effective porosity to a nominal value of 
Water Resources Research 0.1%. In addition, measured d c values were smaller than 0.12 mm (i.e., 3 times the image resolution) for seven columns, which suggests that ϕ eff would be underestimated for these samples, since the estimated value of d opt was smaller than the image resolution.
The complex and highly variable geometry of soil structural pore networks suggests that G in equation (1) should be treated as a fitting parameter. We estimated G from ordinary linear regression without intercept using the experimentally measured K s values, the values of d c and ϕ eff obtained from the X-ray analysis, and known values of ρ, g, and η at 20°C. The square of the correlation coefficient between the estimated and measured values of log (K s ) was taken as a measure of the proportion of variance explained by the model, since linear regression without an intercept gives artificially inflated estimates of R 2 .
Results and Discussion
Figures 5a-5c show the distributions of the critical pore diameter, d c ; the estimated effective porosity, ϕ eff ; and the measured K s values for the 95 samples. The critical pore diameter appeared to be lognormally distributed, with a median d c value of 0.33 mm and an interquartile range of 0.35 mm (0.16-0.55 mm; Figure 5a ). Thus, although many d c values were relatively small, lying close to the feature resolution (0.08 mm), nearly 30% of the samples had critical pore diameters larger than 0.5 mm, which indicate the presence of one or more structural macropores connected across the sample (see the examples in Figures 3a-3c ) that may dramatically increase K s values (e.g., Jarvis et al., 2013; Jorda et al., 2015) . The median value of the effective porosity was 3.2%, with an interquartile range of 1.4 to 7.2% (Figure 5b) . The effective porosity and the critical pore diameter were not significantly correlated ( Figure 6 ; p = 0.62). The median value of the saturated hydraulic conductivity was 3.84 cm/h, but as is commonly found, the K s values varied widely, ranging across approximately 6 orders of magnitude, with lower and upper quartile values of 0.36 and 26 cm/h (Figure 5c ) and a coefficient of variation of 215%.
The fit obtained with the Katz and Thompson model described by equations (1) and (2) was significant at p < 0.0001, with a best fit value of G of 3162 (Figures 7 and 8 ) and no apparent bias in the estimates across approximately 4 orders of magnitude, except at very small measured K s values (< 0.01 cm/hr). Nevertheless, Figure 8 shows that there is considerable scatter in the relationship between estimated and measured K s Figure 4 . Illustration of the method used to estimate the effective porosity from X-ray images. The schematic figure to the left shows the effective porosity in light grey. This pore space is thicker than one third of the critical pore diameter d c and is also both accessible and connected to a percolating cluster. The yellow-colored pore space is part of the percolating cluster, and some is also thicker than d c /3. However, these pores are not accessible because they are only connected through pore necks smaller than d c /3. The lilac-colored pore space is disconnected (i.e., not percolating at the image resolution). The figure to the right shows an actual X-ray image with the pore space classified and colored in the same way. 
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Water Resources Research values. Only 47% of the variation in log (K s ) was explained by the model, and the predictions were in error by more than 1 order of magnitude for approximately 30% of the data points. The fitted value of G is approximately 1 to 2 orders of magnitude larger than theoretical values (27 to 226, see above) previously derived for idealized porous media and pore network models and also lies outside the range (approximately 333 to 1820) found experimentally by Nishiyama and Yokoyama (2017) for a wide range of different porous rocks and artificial (man-made) porous media (e.g., cement, concrete). Furthermore, in contrast to our results, Nishiyama and Yokoyama (2017) showed that the Katz and Thompson model accurately estimated permeability (R 2 > 0.96). Errors and uncertainties in the measurements may have contributed significantly to the much poorer predictions of K s and the larger estimate of G for our naturally structured soils. For example, after X-ray scanning, the pore space structure of many of our samples may have changed during presaturation prior to K s measurement or during the measurement of K s , either due to the swelling of clay minerals, the consolidation of structurally unstable soils, or the activity of macrofauna (e.g., earthworms). This is illustrated for one core sample in Figure 9 . These images were taken before and after presaturation and K s measurement and show evidence of both pore space consolidation and shrinkage crack formation. One potential solution to this problem would be to make measurements on printed copies of X-ray imaged samples, although some technical issues remain to be resolved (Bacher et al., 2015) .
Air entrapment has also been shown to occur in structural pores during sample presaturation and infiltration (Koestel & Larsbo, 2014; Luo et al., 2008; Luo & Lin, 2009; Sněhota et al., 2010) . Babko (2016) measured entrapped air contents after presaturation for five of the samples from the Skuterud field site in Norway with imaged porosities between 3 and 7%. This experiment showed that between 25 and 65% of the imaged porosity contained trapped air, with larger values found for the samples of smaller imaged porosity. Following vacuum saturation, trapped air contents were subsequently reduced to close to 0, while K s more than doubled in one sample and increased by approximately 10% in two others. However, K s was only marginally affected in the two remaining samples (Babko, 2016) . As also found by Jarvis et al. (2017) and predicted by percolation theory, the connectivity of the structural pore space in our data set decreases significantly as the imaged porosity decreases toward a threshold value for long-range continuity (or percolation; Figure 10 ). Furthermore, during saturation entrapped air will tend to collect in the larger pores (Sněhota et al., 2010) . All this suggests that air entrapment could have a disproportionally large effect on the permeability of soils with small structural porosity. Thus, it seems probable that the comparatively large estimated value of G and the large systematic overestimation of permeability for samples with measured K s values less than approximately 0.1 cm/hr (Figures 7 and 8) are at least partly a consequence of air entrapment. Although air can be removed from samples by vacuum saturation with degassed water, such conditions would rarely occur in the field. Such an experimental approach would also make it difficult to compare K s values with data obtained in previous studies, where air entrapment has been tacitly accepted.
A simple empirical model based solely on d c and not ϕ eff (equation (3) with a fitted value of G of 68074; p < 0.0001) explained almost as much (45%) of the variation in log (K s ) as the full model given by equation (1), in combination with equation (2):
This suggests that although the critical pore diameter appears to be a good length scale for predicting soil permeability, the effective porosity (the reciprocal of the formation factor) may have been poorly estimated 
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by the simple method employed in this study. Another likely reason for the poor performance of the CPApercolation model is that one or more of the key assumptions underlying its derivation were not sufficiently valid. CPA-theory relies on the assumption that the distribution of local (pore-scale) conductances is broad and that they are not spatially correlated. Under these conditions flow at saturation should be dominated by the bottleneck resistance along the critical path. The first assumption may be reasonable for many naturally structured soils, although some of our samples may not have met this requirement (e.g., the packed sands amended by organic matter and the natural sandy loam soils; Table 1 ). With regard to the second assumption, it seems highly probable that for the size of our samples, the structural pore space imaged by X-ray cannot be adequately described as the outcome of a spatially (1) and (2) with G = 3162. Figures 3a-3d ; Jarvis et al., 2017) . If these assumptions are not met, flow may be less localized than is envisioned in classical CPA (e.g., Bernabé & Bruderer, 1998; Friedman & Seaton, 1998; Skaggs, 2003 Skaggs, , 2011 and theoretical predictions of the relative electrical conductivity (effective porosity) and the coefficient G will be less reliable.
Conclusions
The critical pore diameter, d c , appears to be a suitable length scale for predicting the saturated hydraulic conductivity of soil, K s . Physical and semiempirical models based on d c are also parsimonious and may therefore represent suitable approaches for estimating K s in hydrological models, despite large prediction uncertainties. From this point of view, it could therefore be worthwhile to direct future research toward exploring the correlations of d c with basic soil properties and site attributes. The effective porosity (or inverse of the formation factor) estimated by the simple approach employed here did not contribute significantly to explaining the variation in K s . It may therefore be worthwhile testing whether the more advanced method suggested by Katz and Thompson (1987) to estimate effective porosity from measurements of the thickness distribution of the accessible pore space could give improved predictions of K s . An inadequate sample size was thought to be another important reason for the large uncertainty in predictions of K s using the percolation-based models. It could therefore also be valuable to make use of X-ray scanning techniques to revisit the longstanding issue of the size of sample needed to adequately capture the scale of the heterogeneity found in structured soils, focusing especially on the variations of the percolating pore space and the critical pore diameter with sample size, since these parameters will significantly affect water flow at and near saturation.
